In this paper we explicate a very weak version of the principle discovered by Jensen who proved it holds in the constructible universe L. This principle is strong enough to include many of the known applications of , but weak enough that it is consistent with the existence of very large cardinals. In this section we show that this principle is equivalent to a common combinatorial device, which we call a Jensen matrix. In the second section we show that our principle is consistent with a supercompact cardinal. In the third section of this paper we show that this principle is exactly equivalent to the statement that every torsion free Abelian group has a filtration into σ-balanced subgroups. In the fourth section of this paper we show that this priciple fails if you assume the Chang's Conjecture: (ℵ ω+1 , ℵ ω ) (ℵ 1 , ℵ 0 ). In the fifth section of the paper we review the proofs that the various weak squares we consider are strictly decreasing in strength. Section 6 was added in an ad hoc manner after the rest of the paper was written, because the subject matter of Theorem 6.1 fit well with the rest of the paper. It deals with a principle dubbed "Not So Very Weak Square", which appears close to Very Weak Square but turns out not to be equivalent.
§1 Very Weak Square
In this paper we explicate a very weak version of the principle discovered by Jensen who proved it holds in the constructible universe L. This principle is strong enough to include many of the known applications of , but weak enough that it is consistent with the existence of very large cardinals. In this section we show that this principle is equivalent to a common combinatorial device, which we call a Jensen matrix. In the second section we show that our principle is consistent with a supercompact cardinal. In the third section of this paper we show that this principle is exactly equivalent to the statement that every torsion free Abelian group has a filtration into σ-balanced subgroups. In the fourth section of this paper we show that this priciple fails if you assume the Chang's Conjecture: (ℵ ω+1 , ℵ ω ) (ℵ 1 , ℵ 0 ). In the fifth section of the paper we review the proofs that the various weak squares we consider are strictly decreasing in strength. Section 6 was added in an ad hoc manner after the rest of the paper was written, because the subject matter of Theorem 6.1 fit well with the rest of the paper. It deals with a principle dubbed "Not So Very Weak Square", which appears close to Very Weak Square but turns out not to be equivalent.
The now-classical principle κ is the following statement:
There is a sequence C α : α ∈ κ + and α a limit ordinal such that:
(1) C α ⊂ α and C α is closed unbounded in α.
(2) If the cofinality of α is less than κ then the order type of C α is less than κ (3) If β is a limit point of C α , then C α ∩ β = C β .
is useful for proving many combinatorial results, yielding a general method for passing singular limit cardinals in inductive constructions. There is a strictly weaker principle than that is useful in many applications:
A weak square sequence is a sequence C α : α ∈ κ + and α is a limit ordinal such that:
(1) C α ⊂ P (α) and |C α | ≤ κ (2) every C ∈ C α is closed and unbounded in α and if α has cofinality less than κ, then C has order type less than κ.
(3) If C ∈ C α and β is a limit point of C, then C ∩ β ∈ C β .
Jensen proved [J] that weak square is equivalent to the existence of a special Aronszajn tree on κ + . Weak square really is weaker than square (see [B-D-M] ).
We now remark that if weak square holds then we can assume without loss of generality that for each α there is a C ∈ C α such that order type of C is exactly the cofinality of α. To see this let D α : α ∈ κ + be an arbitrary weak square sequence. For each ordinal δ < κ, choose a closed unbounded set E δ ⊂ δ of ordertype the cofinality of δ. Note that for each β < κ, |{E δ ∩ β : δ < κ}| ≤ κ. We now modify our weak square sequence to have the additional property that for each α there is a C ∈ C α with o.t.C = cof (α). Given an α < κ + and an element D ∈ D α of order type β, each E δ ∩β with E δ ∩β unbounded in β, gives us a closed unbounded subset of D. The collection of all of these subsets of D has cardinality κ. We define C α to be the collection of all subsets of α obtained this way as D varies through all of the elements of D α . Then C α has cardinality at most κ and the resulting sequence clearly has the coherence properties required of a weak square sequence. Finally, if D ∈ D α has ordertype δ, then E δ induces a subset of D of ordertype the cofinality of α, so we see that our new sequence has the additional property desired.
Suppose now that 2 κ = κ + . Enumerate [κ + ] <κ = x α : α ∈ κ + . An ordinal α is approachable with respect to this enumeration iff there is an unbounded subset of α, C, with order type the cofinality of α such that for all β < α there is a γ < α, C ∩ β = x γ . Let S * = {α : α is approachable }. It is easy to check that if y α : α ∈ κ + is another enumeration of [κ + ] <κ and T * is the collection of ordinals approachable with respect to y α : α ∈ κ + then S * ∆T * is non-stationary. Hence S * is a well defined stationary set that is independent of the enumeration x α : α ∈ κ + modulo closed unbounded sets. We say that κ + has the approachability property iff S * is closed and unbounded. (These properties were first studied by Shelah [SH] .) Clearly this can be rephrased in the following way, which makes sense without the GCH and is in a form that the approachability property is obviously a consequence of weak square:
There is a sequence C α : α < κ + such that for a closed unbounded set of α ∈ κ + :
(1) C α is closed and unbounded in α (2) The ordertype of C α is the cofinality of α.
(3) For all β < α there is a γ < α, C α ∩ β = C γ .
(The requirement in (1) that C α be closed as well as unbounded is harmless: There is a closed unbounded set of β < κ + such that for all α < β there is an α < β with x α the closure of x α . Hence if we have a sequence satisfying (1)-(3) save for the fact that the C α 's are not closed, then the new sequence obtained by closing the C α 's is a witness to the approachability property.)
We note that if the G.C.H. holds then the existence of a sequence satisfying item (2) in the definition of the approachability property is equivalent to the existence of a sequence satisfying the following statement:
(2') If the cofinality of α is less than κ, then the order type of C α is less than κ.
We note the connection of the approachability property with Shelah's ideal I[κ + ]. The approachability principle is weaker than weak square, but is still inconsistent with a supercompact cardinal. We review a proof of this in section 5.
In this paper we introduce a principle we call "Very Weak Square". Let κ be a singular cardinal and suppose that 2 κ = κ
Then the Very Weak Square Principle holds iff for a closed unbounded set of α < κ + there is an unbounded C α ⊂ α such that for all bounded countable x ⊂ C α , there is a γ < α with x = x γ .
The following definition is equivalent to this property in the case the GCH holds and clearly follows from κ (and even the approachability property, hence from weak square) if one assumes that κ is a strong limit cardinal.
Definition. Let κ be a singular cardinal. A sequence C α : α ∈ κ + is a Very Weak Square Sequence iff for a closed unbounded set of α ∈ κ
<ω1 , there is a β ∈ α such that x = C β .
We note that passing to an unbounded subset of C α preserves the last condition, so we may assume without loss of generality that each C α has ordertype the cofinality of α.
Since we do not require any coherence of the C α 's, the existence of a Very Weak Square sequence is really a property of the countable sets appearing on the sequence.
Perhaps it ought also be remarked that if κ is a strong singular limit cardinal of uncountable cofinality, then Very Weak Square holds at κ + . To see this let λ = κ + and enumerate λ <ω1 as x α : α ∈ λ . Then for a closed unbounded set D, if γ ∈ D has uncountable cofinality then x α : α ∈ γ is an enumeration of γ <ω1 . Now define a new sequence y α : α ∈ λ , by setting y α+1 = x α for all α and for α a limit choosing y α cofinal in α of ordertype the cofinality of α.
Definition. A Jensen matrix on λ is a matrix A n α : n ∈ ω, α ∈ λ such that: (1) A n α ⊂ λ and for n < m, A <ω1 . Then |B α | < λ and the sequence B α : α ∈ λ is increasing and continuous and [λ] <ω1 = B α .
(In fact condition 2) is easily seen to follow from conditions 1) and 3). For if not, then for each n, we can choose an γ n ∈ A m α \A n β . But then the sequence
Jensen proved that together with GCH implies the existence of a Jensen matrix. We note that there is a variation on Jensen matrices: If λ = κ + and κ is singular, then define a weak Jensen matrix on λ to be:
(1) A n α ⊂ κ and for n < m, A ℵ0 . Then |B α | < λ and the sequence B α : α ∈ λ is increasing and continuous and [κ] <ω1 = B α .
It is easy to see that to show the existence of a Jensen matrix, or a weak Jensen matrix it suffices to define the A n α 's on a closed unbounded set of α. We also note that for singular κ of cofinality ω and λ = κ + |B α | < λ implies that each |A n α | < κ. A similar notion was defined by Hajnal, Juhasz and Weiss ([HJW] ), who showed directly that it followed from square. Their principle is equivalent to the existence of a Jensen Matrix. Theorem 1. Assume that κ is a singular strong limit cardinal and λ = κ + ≥ κ ω . Then the following are equivalent:
(1) There is a Very Weak Square sequence on λ (2) There is a Jensen matrix on λ (3) There is a weak Jensen matrix on λ Proof. We note that this theorem is non-trivial only in the case where κ has cofinality ω. For A a structure with definable Skolem functions we define Sk A (X) to be the Skolem hull of X in A. 1) ⇒ 2) We show that the existence of a Very Weak Square sequence implies that there is a Jensen matrix on λ.
. . , be a structure in a countable language, where ∆ 0 is a well ordering of H(κ +2 ), and C α : α ∈ λ is the Very Weak Square sequence and x α : α < λ is an enumeration of [λ] <ω1 . Let
Let κ n : n ∈ ω be an increasing cofinal sequence in κ. We define the A n α for the closed unbounded set of α where Sk A1 (α) ∩ λ = α and where C α has the defining property for a Very Weak Square sequence. If α has countable cofinality, choose α n : n ∈ ω ⊂ C α increasing and cofinal in α. Let B n α = Sk A0 (κ n ∪{α 0 , α 1 . . . α n }). If the cofinality of α is uncountable, we let
. We now verify that this is a Jensen matrix.
The first clause in the definition of a Jensen matrix holds since the sequence κ n : n ∈ ω is increasing. To see the second clause, fix m, α < β. Since B 
<ω1 , hence the B α 's are continuous and increasing. Since {Sk
The claim is equivalent to the statement that [A
<ω1 then there is a bounded countable set of ordinals
(If α is of countable cofinality then Z is finite.) From the defining property of the Very Weak Square sequence, we see that there is a γ < α, Z = x γ . Hence Sk
(α) and hence that for some β < α, y = x β .
To see the other inclusion, we note that
2) ⇒ 3) This is immediate.
3) ⇒ 1)
. . , be a structure in a countable language, where A n α : α ∈ λ, n ∈ ω is the weak Jensen Matrix and
As remarked after the definition, Very Weak Square is really a property of any enumeration of the < ω 1 -sequences from λ. In view of this, for α ∈ λ, we set C α+1 = x α . For α of cofinality ω, we let C α be any cofinal sequence of order type ω.
We must define C α for α ∈ D of uncountable cofinality. Fix such an α.
<ω1 and the latter set is cofinal in {x β : β < α} there is an n such that [A n α ] <ω1 is cofinal in the sequence x β : β < α , and hence
ℵ0 < κ, we see that x ∈ Sk A1 (α) and thus there is a β < α, x = x β .
Hajnal, Juhasz and Shelah showed in [HJS] , assuming the consistency of a supercompact cardinal, that it is consistent for Very Weak Square to fail at ℵ ω . Their model is an example of the failure of the weaker property where one just asks that the crucial property holds at α ∈ ℵ ω+1 of cofinality ω 1 . This raises the question of whether it is a theorem of ZF C + GCH that there is a sequence C α : α ∈ ℵ ω+1 such that for almost all α of cofinality ω 2 , C α is unbounded in α and [C α ] <ω1 ⊂ C β : β < α . At this time this question is open, but Shelah has shown that this property implies the stronger approachability property that there is such a sequence where for almost all α of cofinality ω 2 and all β < α there is a γ < α, C α ∩ β = C γ . In fact, for ℵ ω+1 , Very Weak Square implies the approachability property. By the results of the next section this is not true for larger cardinals such as the ω + 1 st successor of a supercompact cardinal.
In section 4, we show that the Chang's Conjecture:
implies the failure of Very Weak Square at ℵ ω+1 . This gives another proof of the consistency of the failure of Very Weak Square, since this Chang's Conjecture was shown to be consistent by Levinski, Magidor and Shelah [LMS] . §2 The consistency Proof
In this section we prove that it is consistent with a supercompact cardinal that Very Weak Square holds at the successor of every singular cardinal. Similar arguments show in a routine way that Very Weak Square is consistent with huge and other very large cardinals.
Definition 2.1. Let κ be a singular strong limit cardinal of cofinality ω. Suppose that
. Let P(κ + ) be the collection of sequences C α : α ∈ β + 1, and α a limit ordinal for some β ∈ κ + satisfying:
(1) C α is unbounded in α and has order type less than κ (2) If there is a bounded countable subset of C α not appearing as x β for some β < α then for all limit points γ of
The purpose of P(κ + ) is to create Very Weak Square on κ + in some very minimal way. We first show that P(κ + ) is <-κ-strategically closed. Since P(κ + ) has cardinality κ + this implies that P(κ + ) preserves cardinals.
Proof. (We use the standard proof that the partial ordering usually used for forcing square is strategically closed.) Recall the game for <-κ strategic closure. Fix a cardinal µ < κ and a condition p ∈ P(κ + ). Players I and II take turns playing a descending sequence p α : α ∈ β of elements of P(κ + ) with player II playing first at limit stages. Player II wins the µ-game if at every stage β ≤ µ, there is a q below each element in the sequence p α : α ∈ β . So fix such a µ and we describe a winning strategy for II in this game: At successor stages II choses any element of the partially ordered set which is less than, but not equal to I's most recent move. At a limit stage β, if {p α : α < β} is the sequence of conditions played so far, let ν be the supremum of the lengths of the p α 's. In view of II's plays ν is a limit ordinal. Put C ν = {δ : for some α ∈ β the length of p α is δ}.
Lemma 2.3. If p ∈ P(κ + ) and δ ∈ κ + then there is an extension of p to a q that has length greater than δ.
Proof. We prove this by induction on δ. Clearly we may assume that δ > κ. Assume that the lemma is true for all p and all δ < δ. Let µ be the the cofinality of δ. Let D ⊂ δ be an unbounded set of order type µ. Define a play of the game below p of length µ by letting II play according to his winning strategy and at stage 2α + 1, player I plays an element q 2α+1 of length longer than the α th element of D. (We can assume that such elements of p ∈ P(κ + ) exist by our induction hypothesis.) Since II has played according to his winning strategy there is a q below each element of the play. This q clearly must have length at least δ.
Lemma 2.4. Let κ be a singular strong limit cardinal of cofinality ω and suppose
Proof. First note that the previous lemmas imply that P(κ + ) adds no new countable sequences to V . Suppose that G = C α : α ∈ κ + . Define a Very Weak Square sequence by setting
Let λ be a regular cardinal much bigger then κ and let
be an elementary substructure of cardinality κ such that α = N ∩κ + ∈ κ + . Then if there is a bounded countable subset y of D α not enumerated in x β : β ∈ α we must have that for all γ a limit point of
Since y is bounded, we may assume that y is a countable subset of some D γ for γ < α. Since κ is a strong limit ordinal and D γ has cardinality less than κ, P (D γ ) ⊂ N . Hence y is enumerated before α, contradiction.
Theorem 2.5. Suppose that the GCH holds and κ is a supercompact cardinal. Then there is a class forcing extension of V that preserves cardinals and cofinalities in which Very Weak Square holds at all singular cardinals and where κ remains supercompact.
Proof. Let κ be a supercompact cardinal and assume the G.C.H. We now define a backwards Easton forcing iteration that adds Very Weak Square at all successors of singular cardinals of countable cofinality.
To specify the iteration P = lim − → P α : α ∈ OR we must specify the support and the factors of the iteration Q α which determine P α+1 = P α * Q α . We will use standard Easton supports.
For each singular cardinal α of cofinality ω we fix an enumerationx of [α + ] <ω1 . This determines a well defined partial ordering P(α + ).
If α is a singular cardinal of cofinality ω, working in V Pα we define Q α = P(α + ). In all other cases we define Q α to be the trivial partial ordering {1}.
Standard arguments show that if µ is the successor of a regular cardinal then P ≈ P l * P r where P l has cardinality less than µ and P r is µ ++ -strategically closed. Hence P preserves ZFC and all cardinals and cofinalities. Further it is clear from lemma 2.4 and the fact that we preserve cardinals and cofinalities that if we force with P then resulting model is a model of Very Weak Square. What we have left to show is that in the resulting model κ is still supercompact.
Let µ > κ be the successor of a singular cardinal γ of countable cofinality. Then we can factor P ≈ P µ * R, where R is 2 2 µ -strategically closed. Hence, if we can show that in P µ , κ is µ-supercompact, we know that κ remains µ-supercompact in V P . Thus it suffices to show this latter statement for all successors of singulars µ. So fix such a µ and let j : V → M be a 2 λ + -supercompact embedding, where λ is a cardinal much bigger than µ. In M , we can factor
where R is 2 2 µ -strategically closed. Since M is closed under λ-sequences we see that j(P) µ = P µ . Let G ⊂ P µ be generic. We work in M [G] to build a strong master condition m ∈ R; namely a condition m such that for all p ∈ G, j(p) ≥ m. Standard large cardinal theory then implies that if we take H ⊂ R to be V [G]-generic with m ∈ H, then j can be extended to aĵ :
Since each p ∈ P µ has Easton support, j(p) has an Easton support and the support of j(p) has empty intersection with the interval (κ, j(κ)). There are only µ conditions in P µ and the ideal of Easton supports above µ is < −µ + complete. Hence S = {α > µ : for some p ∈ G, j(p) α = 1} is an Easton support. Thus it suffices to show that for all α < j(µ) there is a condition r α ∈ j(P) α such that for all p ∈ G, r α ≤ j(p) α , for then we can take m α = r α for α ∈ S.
Note that if α ∈ S then α is a singular cardinal of cofinality ω in the sense of M . We temporarily define an ordinal γ between a singular cardinal and its successor to be good if there is a cofinal subset D ⊂ γ such that all bounded countable subsets of D occur in the (fixed) enumerationx of [α + ] <ω1 before γ. We claim that for all singular α between j(κ) and j(µ) of cofinality ω,
there is an Easton support X ⊂ µ, f : X → µ, and for all β, f (β) ∈ β + }. Letx = x δ : δ < α + be the enumeration of [α + ] <ω1 we chose for α. (Note that this enumeration, which lies in M , is determined by the choice of enumerations in V ; in fact it is the α th term in the j image of the sequence of choices in V .) We now show that if y ⊂ D is countable, then there is a δ < γ, y = x δ . Suppose y = {β n : n ∈ ω}. Then there are {f n : n ∈ ω} such that β n = j(f n )(α). Let X n be the Easton support which forms the domain of f n . For each ordinal α ∈ X n , the set y α = {f n (α ) : n ∈ ω} is equal to an x δ on the chosen enumeration for α for some δ < (α )
By the elementarity of j, if we set δ = j(g)(α) then x δ = y. Clearly, δ < γ which establishes the claim.
We now define the condition r α . A simple density argument shows that the γ we defined above is also sup{j(f )(α) : there is a condition p ∈ G, and for all α ∈ supp(p), f (α) is the length of p α }. If we take {j(p)(α) : p ∈ G} we get a sequence of length γ with the properties required to be a condition, except that it has limit length (it has no "top"). Let C ⊂ D be cofinal in γ of length the cofinality of γ. Then every countable subset of C appears in the enumeration of [α + ] <ω1 before γ. Define
Then, since γ is a good ordinal, this is a condition in P(α + ) M . We have shown the existence of a strong master condition m and hence the existence of the generic elementary embedding.
We now use the 2 2 µ -strategic closure to show that V [G] has a supercompact ultrafilter on P κ (µ). Let A α : α ∈ 2 µ and f α : α ∈ 2 µ be enumerations of the subsets of P κ (µ) and the regressive functions defined on P κ (µ). In V [G], every condition in R below m forces that j extends to aĵ as above. For each condition r ∈ R and all α there is a condition s ≤ r so that s decides the statement j"µ ∈ĵ(A α ) and such that for some ordinal δ, s ĵ (f α )(j"µ) = δ.
Fix a winning strategy for player II in the game of length 2 2 µ . Define a decreasing sequence of conditions:
so that for all α, s α+1 decides the statement j"µ ∈ĵ(A α ) and such that for some ordinal δ, s α+1 ĵ (f α )(j"µ) = δ, and for all α, r α is II's response to the previous conditions according to his winning strategy. (We use the existence of such a strategy to define such a sequence.)
for some α, s α j"µ ∈ A} is easily checked to be a normal ultrafilter on P κ (µ). §3 An application to Abelian groups
In this section we show that a certain property of Abelian groups is equivalent to Very Weak Square. For applications and motivation for this property we refer the reader to [Fu-M] .
Recall that if H is a subgroup of G then H is pure iff G/H is torsion free. If G is a group of uncountable cardinality the the sequence G α : α < δ is a filtration of G iff
(3) If α is a limit ordinal then G α = β {G β : β < α} and (4) G = α {G α : α < δ} Definition 3.1. Let G and H be Abelian groups with H a pure subgroup of G. Then H is a balanced subgroup of G provided that for all g ∈ G and all countable subsets {h n : n ∈ ω} of H there is an h ∈ H such that for all n and all prime numbers p and all k ∈ ω,
where {H n } is an increasing sequence of balanced subgroups of G.
Theorem 3.2. Let κ be a singular strong limit cardinal of cofinality ω and suppose that κ ω = κ + . Then the following are equivalent:
(1) Every torsion free Abelian group G of cardinality κ + has a filtration G α :
Assume that every Abelian group of cardinality κ + has a filtration as described. We now define a group G of cardinality κ + such that a filtration of G into σ-balanced groups yields a Jensen matrix on κ + .
Let p n be the n th prime number in N.
ω } be a collection of distinct objects.
We will define our group as the subgroup G of the Q-vector space
generated by:
Proof. Suppose not. Choose an β m such that β m / ∈ {range(η j ) : j ≤ l} ∪ {α i : i ≤ k} . Suppose now that h − a βm = pg for some g, where p = p m . Write:
where A = Σpn x a x , B = Σpm y b ηy and C = Σ(pt s,j /p j )(b ηs − a ηs(j) ), all of the sums being finite and without repetitions.
Since a βm appears on the left hand side of this equality with coefficient −1, it must appear in a term in C with non-zero coefficient. Hence there is a b η occuring in C and an j ∈ ω with β m = η(j). For each such η, let S η be the collection of all of the coefficients of b η occuring in C . For each s, every coefficient in S ηs is of the form pt s,j /p j . Each of these coefficients have numerator divisible by p, unless j = m, and this only occurs once in each S η . Since the sum of the coefficients of a βm in C is equal to −1 modulo p, the sum of all of the coefficients of a βm occuring in all of the S η 's must be an integer equivalent to −1 modulo p. Hence there must be some η with β m = η(m). Among these η's there must be one such that the numerator of the sum of S η is not divisible by p. Since all of the non-zero coefficients of b η occuring in B are divisible by p, b η must occur with non-zero coefficient in h, contradicting the choice of β m . We say that a subgroup H ⊂ G is almost ω-closed iff whenever β n : n ∈ ω ∈ [κ + ] ω is such that for all n, a βn ∈ H, then there is an h ∈ H, h = Σ i≤k r i a αi ⊕ Σ j≤l s j b ηj such that for all n, β n ∈ {range(η j ) : j ≤ l} ∪ {α i : i ≤ k}.
Claim 3.4. If H ⊂ G is balanced then H is almost ω-closed.
Proof. Let η = β n : n ∈ ω ∈ [κ + ] ω be such that {a β(n) : n ∈ ω} ⊂ H. Note that every prime number p n divides b η − a βn . Since H is balanced there is an h ∈ H such that for all n, p n |h − a βn . By the Claim 3.3, we see that h has the desired property.
. . , be a structure in a countable language, where ∆ is a well ordering of H(κ +2 ), and x α : α ∈ λ is an enumeration of the ω-sequences from κ + .
. . be a similar structure on H(κ +ω+2 ).
Let G α : α ∈ κ + be a filtration of G. By standard arguments we can assume that on a closed unbounded set C ⊂ κ
Further we may assume that for a closed unbounded set of α for all β < α, P (x β ) is enumerated before α and that all finite variations of x β using elements of α appear in the enumeration before α.
For each α ∈ C, let H n α : n ∈ ω be an increasing sequence of balanced subsets of G with union G α .
Since each H n α is balanced, it is almost ω-closed. Since |H n α | ≤ κ, we know that |H n α ∩ {a β : β ∈ κ + }| < κ. Define
Then there is a countable sequence of ordinals η such that
To see the other inclusion, let β < α. Then for some n, a β ∈ H n α l. Hence,
We have shown clauses 1.) and 3.) in the definition of a Jensen Matrix. As we remarked after the definition of a Jensen Matrix the second clause in the definition is a consequence of these two properties.
This finishes the proof that condition 1 of the theorem implies condition 2 of the theorem.
To see that condition 2 in the theorem implies condition 1, fix κ n : n ∈ ω be increasing and cofinal in κ. Let G = g α : α ∈ κ + be an arbitrary torsion free Abelian group of cardinality κ + . Similar to our earlier arguments we let
. . , where C α : α ∈ κ + is a Weak Square sequence.
Then for all α ∈ κ + such that Sk A1 (α) ∩ κ + = α, let H α = g β : β < α . Then the sequence H α : α ∈ κ + is a continuous increasing sequence of subgroups
. We must show that each H α is σ-balanced.
Claim 3.5 There is an increasing sequence of elementary substructures B n of A 0 that are closed under ω-sequences and are such that
We distinguish two cases:
Case 1 α has cofinality ω.
Let α n : n ∈ ω be an increasing cofinal sequence in α. Let X n be the elementary substructure of A 0 generated by κ n ∪ {α 0 . . . α n−1 }. Then each X n ∈ Sk A1 (α). Hence, the smallest elementary substructure, B n of A 0 including X n as a subset and closed under ω-sequences is an element of Sk A1 (α). Since B n has cardinality less than κ, B n ⊂ Sk A1 (α). Hence, B n ∩ G is a subset of Sk A1 (α), and thus of
Case 2 Otherwise.
Let X n be the elementary substructure of A 0 , generated by κ n ∪ C α . Let B n be the smallest elementary substructure of A 0 including X n as a subset and closed under ω-sequences. Then for every element g of B n ∩ G there is a countable subset Z of C α such that g is in the smallest countable closed elementary substructure of A 0 including Z ∪ κ n as a substructure. By the defining property of a Very Weak Square sequence, Z ∈ Sk A0 (α). Hence, g ∈ Sk A1 (α), and thus in Sk A0 (α). Since
Now let H n = B n ∩ H α . We claim that H n is balanced. Let h n : n ∈ ω be a countable subset of H n . Let g ∈ G. Then h l : l ∈ ω and {(p, k, l) : p is a prime and p k |g − h l } are both in B n . Since B n ≺ A 0 , there is an h ∈ H n such that for all primes p and all natural numbers k, p k |h − h l iff p k |g − h l . §4 Chang's Conjecture implies the failure of Very Weak Square
In this section we show that the Chang's Conjecture (ℵ ω+1 , ℵ ω ) (ℵ 1 , ℵ 0 ) implies the failure of the Very Weak Square Principle at ℵ ω . Since this Chang's Conjecture was shown consistent in [L-M-S] , this shows the consistency of the failure of Very Weak Square. Another model where Very Weak Square fails is produced in the final section of [H-J-S]. Our tool for proving the main result of this section is Shelah's theory of reduced products. While we give complete proofs of our assertions here, they are strongly motivated by Shelah's work. For references to this see Shelah's papers or [B-M] . Also relevant to the results in this section is the first section of the paper [M-S] .
. Then the Very Weak Square fails.
Recall that a sequence f α : α ∈ ℵ ω+1 ⊂ Π{ℵ n : n ∈ ω} is called a scale iff for every g ∈ Π{ℵ n : n ∈ ω}, there is an α, g(n) < f α (n) for all but finitely many n. A sequence of elements f β : β < α is said to have (strong) least upper bound h provided that h ∈ Π{ℵ n : n ∈ ω} and has the property that for all β < α, and all but finitely many n, f β (n) < h(n) and if g ∈ Π{ℵ n : n ∈ ω} is such that for all but finitely many n, g(n) < h(n) then there is a β < α such that for all but finitely many n, g(n) < f β (n).
In this context we note that it is natural to consider equivalence classes of functions modulo the Frechet filter, i.e. two functions in the product are equivalent iff they are equal for all but finitely many n. If a least upper bound for the sequence f β : β < α exists then its equivalence class is unique. Thus we will talk of the least upper bound.
A scale f α : α ∈ ℵ ω+1 is continuous iff whenever f β : β ∈ α has a least upper bound then f α is the least upper bound. Note that it is an easy consequence of the G.C.H. that continuous scales exist, and a theorem in Shelah's PCF theory ( [B-M] ) that ZFC proves that there is a set b ⊂ ω such that there is a continuous scale of length ℵ ω+1 in Π{ℵ n : n ∈ b}. To simplify notation we will work with Π{ℵ n : n ∈ ω}, the proof works in the other case with no serious mutations. An ordinal α ∈ ℵ ω+1 is good iff cof (α) > ω and there is an unbounded subset X of α, and a cofinite set A ⊂ ω such that γ < β ∈ X and n ∈ A implies f γ (n) < f β (n).
Lemma 4.2. Let f α : α ∈ ℵ ω+1 be a continuous scale. Then for all α, if α is good then f α is the least upper bound of f β : β < α and for a cofinal set of n ∈ ω, the cofinality of f α (n) is equal to the cofinality of α.
Proof. If α is good there is an unbounded set X ⊂ α and a cofinal set A ⊂ ω such that for all n ∈ A, {f β (n) : β ∈ X} is strictly increasing. For n ∈ A, define h(n) = sup{f β (n) : β ∈ X}. We show that h is a least upper bound for {f β : β < α} and hence f α = h for almost all n ∈ ω. This clearly suffices since for all n ∈ A, cof (h(n)) = cof (X) = cof (α).
Let g ∈ Π{ℵ n : n ∈ ω} be such that for all but finitely many n, g(n) < h(n). Then for each such n there is a β n ∈ X such that for all β > β n , g(n) < f β (n). Since α has uncountable cofinality, there is a β ∈ X such that for all n, β > β n . Then for all but finitely many n, g(n) < f β (n).
Fix a continuous scale f α : α ∈ ℵ ω+1 . To prove that the Chang's Conjecture implies the failure of Very Weak Square we establish the following two claims:
Then there is a stationary set of ordinals α ∈ ℵ ω+1 of cofinality ω 1 that are not good.
Claim 4.4. Suppose that Very Weak Square holds. Then there is a closed unbounded set C ⊂ ℵ ω+1 such that every ordinal in C of cofinality ω 1 is good. Further, if the approachability property holds then there is a closed unbounded set C such that every ordinal in C of uncountable cofinality is good.
. Proof of 4.3. Let C ⊂ ℵ ω+1 be a closed unbounded set. Let λ be a regular cardinal much bigger then ℵ ω+1 , and let N ≺ H(λ), ∈, ∆, f α : α ∈ ℵ ω+1 , C be an elementary substructure such that N ∩ ℵ ω+1 has cardinality ω 1 and N ∩ ℵ ω is countable. (Note that this implies that the order type of N ∩ ℵ ω+1 is ω 1 .) The existence of such a substructure is a consequence of Chang's Conjecture. Let γ = sup(N ∩ ℵ ω+1 ). Then γ ∈ C and γ has cofinality ω 1 . It suffices to show that γ is not a good ordinal.
Note that for each β ∈ γ ∩ N, f β ∈ N . Since f β is a countable collection of ordered pairs, f β ⊂ N . Hence Π{N ∩ ℵ n : n ∈ ω} is cofinal in f β : β ∈ γ . Note that for each n ∈ ω, N ∩ ℵ n is countable.
Suppose now that γ is good. Then f γ is the least upper bound for {f β : β ∈ N ∩γ} and for all but finitely many n, the cofinality of f γ (n) is constantly ω 1 . There is a cofinal set X ⊂ N ∩ γ and a fixed K such that for all n > K, β ∈ X, f β (n) < f γ (n). Note that for all β ∈ X, f β (n) ∈ N ∩ ℵ n , which is a countable set. Since f γ (n) has uncountable cofinality, for each n > K, there is a δ n such that for all β ∈ X, f β (n) < δ n < f γ (n). Define g(n) = δ n . Then g is a counterexample to f γ being the least upper bound for {f β : β ∈ X}.
We now prove claim 4.4:
Proof. Recall that a set N is internally approachable of lenght γ iff there is a sequence N α : α ∈ γ such that for all β < γ, N α : α ∈ β ∈ N and N = {N α : α ∈ γ}. (See [Fo-M] for information about internally approachable sets.)
We split the proof of claim 4.4 into two parts. In the first part we show that if A is a structure on some H(λ) and α is a typical approachable ordinal of cofinality µ > ω then there is an internally approachable N ≺ A of length and cardinality µ with N ∩ ℵ ω+1 = α. In the second part we show that if N is an internally approachable elementary substructure of H(λ), ∈, f α : α ∈ ℵ ω+1 of length and cardinality µ > ω, then sup(N ∩ ℵ ω+1 ) is a good ordinal.These two parts together prove the claim, since Very Weak Square implies that there is a closed unbounded set C such that any limit point of C of cofinality ω 1 is approachable. Further the approachability property implies this true for a closed unbounded set relative to ordinals of uncountable cofinality.
Let λ be a regular cardinal much bigger than ℵ ω+1 and suppose that C α : α ∈ ℵ ω+1 is a sequence of sets such that C α ⊂ α. Let A = H(λ), ∈, C α : α ∈ ℵ ω+1 , ∆, ... be a structure on H(λ). Let B α : α ∈ ℵ ω+1 be a continuous sequence of elementary substructures of A with the property that B α+1 = Sk A ( B β : β ≤ α ∪B α . Note that for a closed unbounded set of α, B α ⊃ Sk A (α), and B α ∩ℵ ω+1 = α. Now suppose that α is an ordinal where C α is unbounded in α, has ordertype the cofinality of α, and every initial segment of C α occurs in C β : β < α (i.e. α is approachable with respect to the sequence C α .) Since every initial segment of the closure of C α in α occurs in B α we assume that C α is closed. Suppose that
Then clearly the cardinality of C α is the cofinality of α.
If we see that for all j < cof (α), C i : i < j ∈ C α we will have shown that C α is internally approachable of length the cofinality of α and taking N = C α we will have finished the first half of the proof of 4.4.
To finish the proof of 4.4 we must show that if N ≺ H(λ), ∈, f α : α < ℵ ω+1 is internally approachable and |N | = cof(N ∩ ℵ ω+1 ) = µ is uncountable, then sup(N ∩ ℵ ω+1 ) is a good ordinal. Suppose that N α : α < µ witnesses the fact that N is internally approachable. An easy argument (see [Fo-M] ) shows that we can assume that |N α | < µ. (This is clear in the internally approachable structures we constructed for the first part of the proof.) By passing to a subsequence we can assume that N β : β ≤ α ∈ N α+1 . Further, for a closed unbounded subset C of µ, N α ≺ N .
Define χ α (n) = sup(N α ∩ ℵ n ). For α < β elements of C, for all n ∈ ω, χ α (n) < χ β (n). Enumerate C in increasing order as α i : i ∈ µ . Since χ αi ∈ N αi+1 , there is a β i ∈ N αi+1 such that for all but finitely many n ∈ ω, χ αi (n) < f βi (n). Note that
There is a cofinal set Y ⊂ µ and some K such that for all i < j with i, j ∈ Y, n > K, we have χ αi (n) < f βi (n) < χ αi+1 (n) < χ αj (n). Let X = {β i : i ∈ Y }. Then for all β < γ with β, γ ∈ X and all n > K, f β (n) < f γ (n). Hence α is good. §5 The table
In this section we consider the properties , weak-, the approachability property and the Very Weak Square property and review the models which witness that they are strictly decreasing in strength. Many of the results we use in this section are known but scattered through the papers of Shelah. We collect them here in response to several requests.
As mentioned earlier in the paper, Ben-David and Magidor, in [B-D-M] showed that it is consistent to have a model where the weak square property holds at ℵ ω , but the square property fails.
We now describe a model where the approachability property holds but the weak square property fails. Begin with a model containing a supercompact cardinal κ. Standard techniques ( [B] ) show that it is consistent to have the G.C.H. together with the following square property at the supercompact cardinal κ.
There is a sequence of sets C α : α ∈ κ +ω+1 such that:
(1) For each α ∈ κ +ω+1 of cofinality bigger than or equal to κ, C α is closed and unbounded in α and has order type less than κ +ω , (2) If α ∈ κ +ω+1 has cofinality at least κ and δ is a limit point of
Having produced this model, we can use the construction of section 2 to force a Very Weak Square sequence D β at κ +ω , while keeping κ supercompact. Note that this doesn't destroy the above mentioned square for ordinals of cofinality bigger or than equal to κ. The final model is then constructed by collapsing κ to be ℵ 2 using countably closed conditions.
It is now easy to see that the approachability property holds at κ +ω+1 : For ordinals of cofinality at least κ (which is now ℵ 2 ) the old square sequence witnesses the approachability property. For ordinals β of cofinality ω 1 (where the Very Weak Square property holds), we consider the element of the Very Weak Square sequence at β, D β . Since the final forcing used countably closed conditions, if we let D β be a subset of D β of order type ω 1 , then every initial segment of D β occurs as some D α for α < β. Hence the approachability property holds at β.
To finish the proof we need to argue that the weak square property fails at κ +ω .
Claim. Let κ be a supercompact cardinal and suppose the G.C.H. holds. Let G ⊂ Col(ω 1 , < κ) be generic. Then the weak square property fails at
Proof. Suppose to the contrary that C α : α ∈ κ +ω+1 and α is a limit ordinal is a weak square sequence in the generic extension V P . So:
(1) C α ⊂ P (α) and |C α | ≤ κ +ω (2) every C ∈ C α is closed and unbounded in α and has order type less than κ +ω . (3) If C ∈ C α and β is a limit point of C, then C ∩ β ∈ C β . By the remarks in the beginning of the paper we may assume that for all α there is a C ∈ C α such that the order type of C is exactly the cofinality of α. Further, since κ +ω is a strong limit, we can assume that if C ∈ C α , then every closed unbounded subset of C is in C α .
Let P = Col(ω 1 , < κ). Let j : V → M be a κ +ω+1 supercompact embedding and G ⊂ P be generic. Since P has the κ-chain condition we can find a generic H ⊂ j(P ) so that j can be extended to aĵ :
Let γ be the supremum of j"κ +ω+1 . Then by the definition of weak square,
the cofinality of κ +ω+1 is ω 1 we can assume that D γ has order type exactly ω 1 . Further, since j"κ +ω+1 is ω-closed, we can assume that
Since D δ is a countable subset of the range of j, there is an x ∈ V such that j(x) = D δ . If j(δ) = δ , then by elementarity, x ∈ C δ . Thus, by forcing over V [G] with the forcing j(P )/G to get H, you have added a "thread" through the weak square sequence of order type ω 1 that is cofinal through κ +ω+1 , namely there is a set D ∈ V [H] cofinal in κ +ω+1 of order type ω 1 such that for all limit points δ of D, D ∩ δ ∈ C δ .
Using the fact that the forcing j(P )/G used to get H over V [G] we now derive a contradiction. Let Q = j(P )/G. Then Q is countably closed. Let D be a Q term for the "thread".
We first claim that for all q ∈ Q there is a δ < κ +ω+1 such that |{s : for some r < q, r "s = D ∩ δ"| = κ +ω .
Otherwise let q be a counterexample. For each δ < κ +ω+1 , let T δ = {s : for some r < q, r "s = D ∩ δ". Then for δ < δ , |T δ | ≤ |T δ |. Hence, if q is a counterexample, there is an n for all δ < κ +ω+1 , |T δ | < κ +n .
For each δ of cofinality κ +n there is a β < δ for all s, t ∈ T δ , if s = t then s ∩ β = t ∩ β. This induces a regressive function on ordinals of cofinality κ +n , which must be constant on an unbounded set. From this we conclude that there is a β < κ +ω+1 such that for an unbounded set U of δ < κ +ω+1 for all s, t ∈ T δ , if s = t then s ∩ β = t ∩ β.
Let r ≤ q be such that for some s, r D ∩ β = s. Then for each δ ∈ U there is only only possibility in T δ compatible with r. Hence D ∈ V , which is a contradiction.
We now build a tree of conditions in Q indexed by finite sequences of elements of κ +ω . We go by induction on the length of the sequences to produce {q σ : σ ∈ (κ +ω ) n } and ordinals δ n so that for all σ of length n, q σ determines D ∩ δ n . Suppose we have done this for n. Fix σ of length n and choose a collection of κ +ω of conditions {r τ : σ ⊂ τ, τ ∈ (κ +ω ) n+1 } below q σ such that for some δ σ and all τ = τ , r τ and r τ force incompatible information about D ∩ δ σ . Let δ n+1 be the supremum of {δ σ : σ ∈ (κ +ω ) n }. For each τ ∈ (κ +ω ) n+1 extend r τ to a q τ deciding D ∩ δ n+1 . We may assume, by enlarging δ n+1 , and extending q τ ω times, if necessary that each q τ forces D ∩ δ n+1 to be unbounded in δ n+1 .
Hence there must be (κ +ω ) ω many distinct elements of C δω , which is a contradiction.
We now discharge our final debt, by showing that the approachability property fails at the ω th successor of a supercompact. By the results of section 2, where it is proved that the Very Weak Square is consistent at a supercompact, this shows that Very Weak Square does not imply the approachability property.
We do note that it is a theorem of Shelah that the Very Weak Square is equivalent to the approachability property at ℵ ω .
Claim. Suppose that κ is supercompact and that the G.C.H. holds. Then the approachability property fails at κ +ω+1 .
Proof. Let λ = κ +ω+1 . Suppose that C α : α ∈ λ is a witness to the approachability property ( i.e. for a closed unbounded set of α, C α is club in α, has order type less than κ +ω , and for a club set of α and all β < α there is a γ < α, C α ∩ β = C γ .) Let x η : η < λ be a one to one enumeration of [λ] <ω1 . Define a function F : λ → λ by setting F (δ) to be the least γ such that for all β < δ,
Let j : V → M be a κ +ω+1 supercompact embedding. Let C j α : α ∈ j(λ) denote j( C α : α ∈ λ ) and x j η : η < j(λ) denote j( x η : η < λ ). Let γ be the supremum of j"κ +ω+1 . Consider C j γ . Since C j γ is closed and unbounded in γ, there is a δ < λ having countable cofinality such that C γ ∩ j(δ) has limit order type bigger than κ +ω .
By the approachability property there is a β 0 < γ such that C j γ ∩ j(δ) = C j β0 . Since β 0 < γ, there is a δ < λ, β 0 < j(δ ). However, this implies that j(F )(j(δ )) < γ, and hence there is a β < γ such that [C j γ ∩ j(δ)]
<ω1 ⊂ x j η : η < β . On the other hand, if x is a countable subset of j"δ, then there is a countable y ⊂ δ, x = j(y). Hence every countable subset of j"δ is of the form x j(η) for some η < λ. This is a contradiction since there are λ many countable subsets of C j γ ∩ j"δ. They all have to be enumerated in the sequence x j η : η < β . Each must be enumerated as some x j j(η) . But there are less than λ such x j j(η) . §6 Not So Very Weak Square
In this section we revisit Very Weak Square and discuss the principle we have dubbed "Not So Very Weak Square".
Not So Very Weak Square has the same definition as Very Weak Square except that we ask the C α 's be closed in their supremum. Formally, a sequence C α : α < κ + is a "Not So Very Weak Square Sequence" provided that:
(1) C α ⊂ α, C α is closed and unbounded in α,
<ω1 , there is a β < α such that x = C β .
. This apparently innocuous additional requirement makes no difference for α of cofinality less than or equal ω 1 , since one can always close such a C α . Nor does this distinction come up for the approachability property for the same reason: Given a list of the bounded subsets of C α one can "compute", in a very concrete way, a list of the bounded subsets of the closure of C α in α. In virtue of Shelah's theorem that Very Weak Square is equivalent to the approachability property at ℵ ω , it is clear that the Not So Very Weak Square and the Very Weak Square are equivalent at ℵ ω . The theorem in this section shows that the two properties are not equivalent in general. We show that if λ is the limit of an increasing sequence of supercompact cardinals κ n : n ∈ ω , then the Not So Very Weak Square fails at λ. In view of the results of section 2 (or rather the canonical extension of these results to get the consistency of the Very Weak Square with countably many supercompacts), this shows that the two properties are not equivalent.
Theorem 6.1. Suppose κ n : n ∈ ω is an increasing sequence of supercompact cardinals and λ is the supremum of κ n : n ∈ ω . Then the Not So Very Weak Square property fails at λ.
We begin the proof with a standard lemma: Lemma 6.2. Let κ n : n ∈ ω be an increasing sequence of supercompact cardinals with supremum λ. Let S α : α ≤ β < κ n be a sequence of stationary subsets of λ + consisting of points of cofinality less then κ n . Then there is a γ < λ + such that for all α < β, S α is stationary in γ.
Proof of 6.2. Let j : V → M be a κ n -supercompact embedding. Let γ =sup j"λ. Since j"λ is < κ n -closed in γ , j"S α is stationary in γ for all α < β. Hence in M, the statement "there is a γ for all α < β, S α is stationary in γ " holds. Thus, using the elementarity of j and the fact that j(β) = β, we get that the statement holds in V .
Proof of 6.1.
Consider the reduced product Π κ n : n ∈ ω /{finite sets}. Since the singular cardinals hypothesis holds above supercompact cardinals, and in particular at λ we can find a scale f α : α ∈ λ + . Without loss of generality we may assume that if the sequence f β : β < α has a least upper bound (in the sense of section 4) then f α is this least upper bound.
Let j : V → M be the κ 0 -supercompact embedding. Let C α : α < κ + be a Not So Very Weak Square Sequence. Denote j( f α : α ∈ λ + ) by f j α : α < j(λ + ) , and let C j α : α < j(λ + ) = j( C α : α < λ + ). Let γ =sup j"λ + and γ n =sup j"κ n . Since j is a supercompact embedding, j"V λ + is closed under ω-sequences. Thus it is easy to check that the function g(n) = γ n is a least upper bound for f j α : α < γ and hence that f j γ = g modulo finite sets. Given an α < j(λ + ) of uncountable cofinality define h α (n) to be the infemum over all closed unbounded sets C ⊂ α of the supremum {f j β (n) : β ∈ C}, i.e. h(n) =inf C sup β∈C f j β (n). Then, since the cofinality of α is uncountable there is a closed unbounded D α ⊂ α such that for all n, h(n) =sup β∈Dα f j β (n). Further, we can assume that for all α, D α ⊂ C j α and the order type of D α is the cofinality of α. Clearly for all β < α, h α (n) ≥ f j β (n) for all but finitely many n. Hence we see that for a cofinite set of n, h γ (n) ≥ f j γ (n), since f j γ is a least upper bound. We restrict our attention to that cofinite set of n where f j γ (n) = γ n and h γ (n) ≥ f j γ (n). Since f j γ (n) = γ n , for all δ ∈ κ n , there is a stationary set F δ ⊂ γ ∩ D γ such that for all β ∈ F δ , f j β (n) > j(δ). Then F δ : δ < κ n is a sequence of stationary subsets of D γ .
We can refine the F δ 's for cofinally many δ's to assume that for some m and a cofinal set E n ⊂ κ n of δ all the elements of F δ have cofinality less then or equal κ m (and F δ is still stationary.) Since D γ is closed and unbounded in γ and the order type of D γ is λ + , we can apply Lemma 6.2 to find a η n ∈ D γ such that for all δ in the cofinal set E n , F δ is stationary in η n . Hence h ηn (n) ≥ sup (j"E n ) = γ n .
Let A = H(χ), ∈, ∆, f α : α < λ + , C α : α < λ + , for some regular χ much greater then λ + . There is a closed unbounded set U of β < λ + such that Sk A (β) ∩ λ + = β. Since γ ∈ j(U ), γ = Sk j(A) (γ) ∩ j(λ + ).
Since η n ∈ D γ ⊂ C j γ , the sequence η n : n ∈ ω is a subsequence of C j γ . Hence, by the defining property of the Not So Very Weak Square the sequence η n : n ∈ ω appears as a C j µ for some µ < γ. Since j(A) has a relation symbol denoting the very weak square sequence, η n : n ∈ ω ∈ Sk j(A) (γ). Thus the function defined as h(n) = f ηn (n) lies in Sk j(A) (γ). But then there is a δ < λ + , f j j(δ) (n) > h(n) for all but finitely many n.
